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INTRODUCTION
In this article, we make two observations. The ﬁrst asserts that if G is a
ﬁnite p-solvable group for a prime p which is neither a 2 nor a Mersenne
prime, then each defect group D of a p-block of G is a tame Sylow inter-
section of the form P ∩ Py where P ∈ SylpG and y ∈ Op′ CGD	 The
fact that a defect group D is a tame Sylow intersection (for arbitrary G) is
a well-known result of J. A. Green and J. G Thompson. The new ingredient
here is that, apart from the exceptions noted (which are genuine exceptions,
as we shall see), the conjugating element may be taken to lie in Op′ CGD
when G is p-solvable.
The second result strengthens the well-known fact that the defect group
of any p-block of G contains OpG	 We prove that each defect group
of a p-block of G contains a Sylow p-subgroup of CGOpF∗G	
Such a Sylow p-subgroup certainly contains OpG but, in general, the
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containment might be strict. Our result implies, for example, that the defect
group of any p-block of a solvable group G contains a Sylow p-subgroup
of a nilpotent injector of G	
Theorem 1. Let G be a ﬁnite p-solvable group, where p is an odd prime
which is not Mersenne, and let D be a defect group of a p-block of G	 Then,
there is an element y ∈ Op′ G ∩ CGD and there is a Sylow p-subgroup P
of G such that P ∩ Py = D and NPD ∈ SylpNGD	
Proof. Suppose that the theorem is false, and let G be a minimal coun-
terexample. SinceG is p-solvable, we have Op′ G ∩CGD = Op′ CGD	
Furthermore, for P ∈ SylpG with NPD ∈ SylpNGD and x ∈ NPD
we have P ∩ Px = D if and only if NPD ∩ NPDx = D by a standard
argument.
Hence, the minimality of G yields that D G. Now, let P be any Sylow
p-subgroup of G. Let H = CGDP . Then, Brauer correspondence is
deﬁned between H and G, and H has a block with defect group D, as
G does. Now, OpH = OpCGD G and Op′ H = Op′ OpH G.
Hence, Op′ H = Op′ G, and the minimality of G forces H = G.
Now, we claim that D = 1. For otherwise, Z = D ∩ ZP 	= 1, so that
Z ≤ ZG. Since Op′ G maps onto Op′ G/Z, and G/Z has a p-block
with defect group D/Z, the result holds for G/Z by the minimality of
G. But then the desired result is easily seen to hold for G, contrary to
assumption.
Now, we have D = 1 and a result of Brewster and Hauck [1] implies
that we have P ∩ Py = 1 for some y ∈ Op′ G which sufﬁces to complete
the proof (in fact, when FG = 1, then the result of Brewster and Hauck
allows the Mersenne prime restriction to be removed).
Theorem 2. Let G be a ﬁnite group, let p be a prime, Let Ip be a Sylow
p-subgroup of CGOpF∗G	 Then, each defect group of each p-block of
G contains a conjugate of Ip	
Proof. Let N = CGOpF∗G G	 Then, OpF∗N is central in N
so that F∗N = OpNOp′ ZN	 Now, each p-block idempotent of N
has support in OpCNOpN = Op′ ZN	 Hence, each p-block of N
has maximal defect, so has defect group(s) conjugate to Ip	
Let D be the defect group of a p-block B of G	 Then, some p-block of
N covered by B has defect group D ∩ N	 On the other hand, the defect
group of such a block of N is conjugate to Ip by the note above, so the
result follows.
Remarks. We note that, letting G denote the semidirect product of 3×
3 with GL2 3 in its natural action, G has an irreducible character of
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degree 16, so has a 2-block of defect 0. However, for P ∈ Syl2G we
have P > O2′ G so that there is certainly no element y ∈ O2′ G with
P ∩ Py = 1.
Similarly, if p is a Mersenne prime, say p = 2s − 1 then a Sylow
p-normalizer of GLs 2 say H has order sp. Let X denote the semidirect
product of an elementary Abelian group of order 2s with H in its natural
action and let Y denote Xwrp	 Then, X has s p-blocks of defect 0, and
it follows easily that Y has a p-block of defect 0, since we may choose
a p-block of defect 0 of the base group which is not Y -stable. However,
Op′ Y  has order p + 1p and a Sylow p-subgroup, P say, of Y has
order pp+1 which is greater than p + 1p	 Hence, there is no element
y ∈ Op′ Y  such that P ∩ Py = 1	
In fact, by order considerations, the above examples illustrate that the
support of a p-block idempo`tent of a p-solvable group need not be con-
tained in Op′ G and that there need be no “defect class” of a p-block
contained in Op′ G (a defect class of a p-block with defect group D is a
p-regular class with defect group D whose class sum appears with a non-
zero coefﬁcient in the (characteristic p) block idempotent). Similarly, they
illustrate that for a p-solvable group G, it need not be the case that a defect
group of a p-block is a Sylow p-subgroup of the inertial subgroup IGµ
for some irreducible character µ of Op′ G.
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